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Summary

◆ Empirical Bayes (EB) estimation of hyperparameters in Ridge, Lasso, 
or Group Lasso seems to induce automatic relevance determination (ARD).

EB for 𝜆

hyperparameter

This means ARD occurs!

including a conjecture
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Background
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Our Focus

◆ We focus on linear regression models including Ridge, Lasso, and Group Lasso.

• ℎ 𝑤 =
1

2
|𝑤| 2

2 → Ridge:

• ℎ 𝑤 = |𝑤| 1 → Lasso: 

• ℎ 𝑤 = |𝑤| 2 → Group Lasso: 

Error termLoss function Regularizer

Examples:
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Problem to Address

◆ We want to determine the hyperparameter automatically.

hyperparameterparameter

Before estimating the main parameter 𝑤 based on the loss function, 

it is necessary to set the hyperparameters 𝜆.
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Estimation methods

Empirical Bayes (EB): 

Cross-validation (CV): 

Method for selecting hyperparameters by evaluating model performance 

across multiple train-validation splits of the data

Method for determining hyperparameters by ,

where                                                      

◆ Mainly cross-validation and empirical Bayes
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Estimation methods

◆ Mainly cross-validation and empirical Bayes

Empirical Bayes (EB): 

Cross-validation (CV): 

Method for selecting hyperparameters by evaluating model performance 

across multiple train-validation splits of the data

Method for determining hyperparameters by ,

where                                                      

Our focus
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Difficulty of EB

◆ Analysis of the marginal likelihood is challenging.

Problem to solve:

Calculation of the marginal likelihood 𝑍:

This integration is very difficult.
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Property of EB

◆ In Ridge regression, it is known that EB induces ARD.

Estimation of parameter 𝑤 when መ𝜆 = ∞:

EB estimator for Ridge:

← This can be used for sparse parameter selection.
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Property of EB

◆ In Ridge regression, it is known that EB induces ARD.

Estimation of parameter 𝑤 when መ𝜆 = ∞:

EB estimator for Ridge:

← This can be used for sparse parameter selection.

For simplicity, we refer to the divergence of the estimator of 𝝀 as ARD.
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Recent Studies on EB

◆ ARD also occurs in Lasso, in addition to Ridge.

Both can diverge to infinity!

EB estimator for Ridge:

EB estimator for Lasso:

Both derivations involve assumptions or restrictions on the parameters, such as 𝑤 and the design matrix Φ.

Therefore, in fact, these problems have not been completely solved.
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◆ EB is important from a statistical perspective.

CV and EB have different statistical characteristics:

• CV corresponds to AIC,
• EB corresponds to BIC.

A major issue in statistics: How should we determine the prior distribution?

→ EB corresponds to a method for estimating the parameters of 
the prior distribution.

(Supplement) Statstic Aspect of EB
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Our Results
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◆ We rigorously derived the EB estimator for Group Lasso.
→  ARD also occurs in Group Lasso.

Note that this derivation also involves assumptions or restrictions on the parameters.

ARD!

This is the third study in which the structure of ARD has been rigorously proven.

Result 1
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◆ Quasiconcavity of the marginal likelihood 𝑍

Unimodal Monotonically increasing

Key Part in the Proof of Result 1
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◆ EB induces ARD in Ridge, Lasso, and Group Lasso. How far can this be generalized?

Question from Result 1 and Previous Studies
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◆ We rigorously derived the EB estimator for linear regression with a homogeneous regularizer 
under the assumption that the 𝑍 is quasiconcave.

EB estimator:

Loss function of linear regression with a homogeneous regularizer:

This includes Ridge, Lasso, and Group Lasso.

ARD! Generalization of the conditions

under which the estimator diverges

Result 2
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◆ Which models satisfy the quasiconcavity of 𝑍?

Unimodal Monotonically increasing

Question on the assumption in Result 2
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Result 3

◆ We confirmed through numerical experiments that 𝑍 is quasiconcave in Ridge, Lasso, 
and Group Lasso. 
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◆ When using a homogeneous regularizer, such as in Ridge, Lasso, or Group Lasso, 
Z is likely to be quasiconcave.

If this conjecture is true, the EB estimator for 𝜆 is expressed as:

Conjecture:

Under the loss function with a homogeneous regularizer, 

the marginal likelihood is quasiconcave.

Conjecture from Result 3
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Conclusion

◆ Empirical Bayes (EB) estimation of hyperparameters in Ridge, Lasso, 
or Group Lasso seems to induce automatic relevance determination (ARD).

EB for 𝜆

hyperparameter

This means ARD occurs!

including a conjecture
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